HYPERBOLIC FUNCTIONS SUPPLEMENT (FOR MATH 43 ONLY)

The hyperbolic functions are based on exponential functions,
and are algebraically similar to, yet subtly different from, trigonometric functions.

In order to complete this worksheet, you need to refer back to topics from trigonometry and precalculus.
In particular, you may need to refresh yourself on the following:

Trigonometry:

quotient, reciprocal, Pythagorean, sum/difference of angles & double angle identities
(you only need to know the identities, not how to prove them)

Precalculus:
determining if a function has odd/even symmetry algebraically and graphically
determining if a function is one-to-one graphically
relationship between the graph/domain/range of a function and its inverse
using function composition to determine if two functions are inverses of each other
solving for the inverse of a function algebraically
identifying asymptotes from a graph
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HYPERBOLIC FUNCTIONS coshx =

[a] Find sinh0 and cosh 0. Compare to sin0 and cosO0.

[b] Find the domains of sinh x and cosh x using the exponential definitions.
[c] Solve sinh x =0 and cosh x = 0 using the exponential definitions.

[d] Determine the signs of sinh x and coshx if x>0, and if x<O0.

[e] Determine the size and sign of sinh x and coshx as X — —oo, and as X — o,
using the size and sign of e* and e ™ as X — —o0, and as X — .

Rewrite in terms of exponential functions using the definitions above,
simplify, then rewrite in terms of hyperbolic functions, if possible.

[a]  sinh(-x) [b]  cosh(-x)

[c]  cosh?x+sinh?x [d]  cosh?x—sinh?x
[e]  2sinhxcoshx [l e*sinhx

[q] Coesi‘ X [N]  coshx+sinhx
[l coshx—sinhx 1  sinh(nx)

[kl  cosh(2Inx) [l cosh(in3)

[m]  sinh(3In2) [l cosh(:Ins)

Based on the similarities to the trigonometric identities noted in [1],
guess and prove formulae for the following in terms of hyperbolic functions.

[a] sinh(x + y) [b] sinh(x —y)
[c] cosh(x+y) [d] cosh(x—y)
Define tanh x = sinh x :

cosh x

[a] Rewrite tanh x in terms of exponential functions.
[b] Find tanh 0, find the domain of tanh x, and solve tanh x =0 in two ways

[i] by using the original definition above
[ii] by using your answer in [3][a]
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Simplify tanh(—x) in two ways

[i] by first rewriting in terms of exponential functions,
simplifying, then rewriting in terms of hyperbolic functions

[ii] by using your answers in [1][a] and [1][b]

Define the three remaining hyperbolic functions in a parallel fashion
in terms of other hyperbolic functions.

Repeat [3][a], [3][b][i] and [3][c][ii] for the three remaining hyperbolic functions.

Rewrite in terms of exponential functions using the definitions above,
simplify, then rewrite in terms of hyperbolic functions, if possible.

[i] coth(In2) [ii]  sech(2In3)

[iii]  tanh(-In5) [ivl csch(3In7)

Once you get used to the identities, it is much easier to manipulate the hyperbolic functions

without rewriting them in terms of exponential functions.

You should have discovered a hyperbolic parallel to the Pythagorean Identity in [1][d].

[a]

[o]

[c]

[d]

[e]
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Rewrite the identity in [1][d] in two ways

[i] by solving for sinh? x
[ii] by solving for cosh? x

Rewrite the identity in [1][c] in two ways

[i] by substituting using your answer from [4][a][i]
[ii] by substituting using your answer from [4][a][ii]

Find the hyperbolic parallels to the other Pythagorean Identities by dividing both sides of [1][d]

[i] by sinh? x
[ii] by cosh®x

If sinhx = % find the values of the other hyperbolic functions
using the definitions and identities above.

If coth x =2, find the values of the other hyperbolic functions
using the definitions and identities above.

If sech x =% and x <0, find the values of the other hyperbolic functions

using the definitions and identities above.
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INVERSE HYPERBOLIC FUNCTIONS

[a] Find all intercepts of y =sinh x, y =cosh x and y = tanh x using your answers in [0][a][c] and [3][b].

[b] Determine which quadrants the graphs of y =sinh x and y = cosh x should lie in
using your answers in [0][d].

[c] Determine the sign of tanhx if x>0, andif x <0,
using your answers in [0][d] and the definition in [3],
then determine which quadrants the graph of y = tanh x should lie in.

[d] Describe the symmetry of the graphs of y =sinh x, y =cosh x and y = tanh x using your answers in

[1][a][b] and [3][c].

[e] Describe the long run behavior of the graphs of y =sinh x and y = cosh x using your answers in [0][e].

[f] Guess the graphs of y =sinh x and y = cosh x using your answers in [5][a][b][d][e].
Then use your calculator’s graphing capabilities to sketch y =sinh x, y =coshx and y = tanh x.
State the domain and range of each graph. State the equations of all asymptotes.

[0] Recall that a function has an inverse function if and only if the function is one-to-one.
Which of the three functions in [5][f] is (are) one-to-one and why ?

[h] A function which is not one-to-one, can be “made” one-to-one by restricting its domain (eg. the
trigonometric functions). How would you restrict the domain of the non one-to-one function(s) in [5][g]
to “make” it (them) one-to-one ?

Solve sinh x =1 and cosh x =1 by using the exponential definitions and an algebraic substitution z =e”.
y =sinh™ x if and only if x =sinhy.

[a]  Define cosh™ x and tanh ™ x.
(NOTE: A function can only have an inverse if it is one-to-one. See [5][h].)

[b] Without graphing,
but instead using the relationship between the graph of a function and the graph of its inverse,
state the domain and range of all three inverse hyperbolic functions,
and identify all intercepts, and horizontal and vertical asymptotes.

[c]  Sketch the graphs of y =sinh™*x, y=cosh™*x and y=tanh™x.

[d] Prove that g(x) = In(x ++/x* +1) is the inverse of f(x) =sinhx in three ways

[i] by simplifying f(g(x)) using the exponential definition of sinh x
[ii] by simplifying g(f(x)) using the identities in [1][h] and [4][a]
[iii]  bysolving x =sinhy for y using the exponential definition and an algebraic substitution z = e’

[e] Repeat [7][d][iii] to find logarithmic formulae for cosh™ x and tanh™ x.
Then repeat [7][d][i][ii] to prove your formulae are correct.
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ANSWERS

SOLUTIONS FOR ANSWERS MARKED % GIVEN IN LAST PART OF FILE

sinh0=0

cosh0=1

both have domain (—oo, %)

sinhx=0 = x=0 %

coshx =0 has no real solution

If x>0, sinhx>0 %

If x<0, sinhx<0

For all real x, coshx >0

As X — —o0, sinhx — —oo and coshx — o
AS X — o, sinhx — o0 * and coshx — «©

—sinhx
cosh2x

sinh2x *

1472
2

—X

e

x*+1

2x2
15

3==
16

sinhxcoshy +coshxsinhy *
sinh xcosh y —cosh xsinh y
cosh xcoshy +sinh xsinhy
cosh xcoshy —sinh xsinhy

e —e™”

e*+e”

tanh0=0 *

tanh x has domain (—oo, c0) *
tanhx=0 = x=0*
—tanhx *

[o]
[d]

[f]
[h]

(1]

[n]




cosh x 1
sech x =

sinh x cosh x sinhx tanhx
[e]  csch x=— 2 —
e’ —e
csch 0 is undefined
csch x has domain (—o, 0) LU (0, «©)
csch x =0 has no real solution
csch (—x) = —csch x

[d] csch x =

2
e*+e”
sech 0=1
sech x has domain (—o, o)

sech x =0 has no real solution
sech (—x) =sech x

sech x =

cothx = ex al ei
e"—e

coth 0 is undefined

coth x has domain (—o0, 0) U (0, «©)

coth x =0 has no real solution

coth(—x) = —coth x

X

Mmoo
lii] % *
[iii] —%
[iv] g

[a] i sinh? x = cosh?x —1
[ii]  cosh?x =1+sinh® X

[b] i 2cosh® x -1 *
[ii]  1+2sinh®x

[c] il coth?x —1=csch’x *
[ii] 1-tanh®x=sech?x

[d] coshx = — % tanhx = * csch x=2

sech x=¥ cothx =+/5

o | &



[e] tanhx = = sech x = g cosh x :¥
sinhx=§ csch x=+/3

[f] coshx =2 sinhx = —+/3 tanhx=—§
csch x = —g cothx = —ﬁ

[a] y =sinh x y = cosh x y = tanh x
X —intercept(s) (0,0) none (0,0)
y —intercept (0,0) 0,1 (0,0)

[b] graph of y =sinhx lies in quadrants 1 * and 3
graph of y =coshx isin quadrants 1 & 2

[c] graph of y =tanhx lies in quadrants 1 * and 3

[d] y =sinhx is odd and symmetric over the origin
y =cosh x is even and symmetric over the y —axis *
y =tanh x is odd and symmetric over the origin

[e] graph of y =sinh x goes left and downward in quadrant 3
graph of y =sinh x goes right and upward in quadrant 1 *
graph of y = cosh x goes left and upward in quadrant 2
graph of y =cosh x goes right and upward in quadrant 1

[f] y =sinh x y = cosh x y = tanh x
Domain: (—o0, 00) Domain: (—o00, 00) Domain: (—o0, 00)
Range: (—o0, ) Range: [1, ©) Range: (-11)
Horizontal Asymptotes:
y=+1

[0] y =sinh x and y = tanh x are one-to-one since they satisfy the horizontal line test
(for each value vy, there is at most one corresponding value of x).
[h] y = cosh x can be made one-to-one by restricting its domain to only (—oo, 0] or [0, ).

Following the trend towards positive numbers in other cases (eg. y =cosx and y = x?), [0, ) is preferred.

sinhx=1 = x=|n(1+\/§)
coshx=1 = x=0 *




[a] y =cosh*x if and only if x=coshy and y>0
y =tanh™ x if and only if x=tanhy

[b] % y =sinh™ x y =cosh™ x y =tanh™" x
Domain (—o0, ) [1, ) (-1,
Range (—o0, ) [0, ) (—o0, o)
X — intercept(s) (0,0) 1,0) (0,0)
y —intercept (0,0) none (0,0)
Vertical Asymptotes: x =+1
[c] y =sinh™x y =cosh™ x y =tanh™ x

1 203 4
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[dl i f(g(x))=x *
[i]  g(f(x)=x *
[e] cosh™x =In(x ++vx*-1)
1, 1+X

tanh*x==In—=
2 1-X




SELECTED SOLUTIONS

[c] sinhx = & S =0

e*—e* =0

e*(e™-1) = 0

Since e >0 for all real x,
e -1 =0

[d] If x>0,
e*>1>e™",
e*-e >0,

e —e*

sinhx = > 0
2

[e] AS X — o0,
e >oand e ™ -0,

. e¥ —e™* wo—-0
sinh x = 5 - —>E—)oo

2

e +e Y e +e* e +e*
[b] cosh(—x) = = = = coshx

Similarly, cos(—x) = cosx

X —X X a=X 2X _ A=2X
[e] 2sinh xcoshx = Z(e e j{e € J S T sinh 2x

2 2 2
Similarly, sin2x = 2sin xcosx
) . Inx_e—lnx eInx_elnx1 X_X—l X X2_1
sinh(Inx) = = - REA
il (Inx) 2 2 2 X 2X



sin(x+y) =sin xcosy + cosxsin'y
Trying the hyperbolic counterpart,

[a]

. . ef—e ") e’+e”? e+e | e’ -e”?
sinh xcoshy +coshxsinhy = +
2 2 2 2
~ ex+y +ex—y _e—x+y _e—x—y ex+y _ex—y +e—x+y _e—x—y ~ 2ex+y _ Ze—x—y B ex+y _e—(x+y)
4 4 4 2
= sinh(x+Yy)

b] [l taho = M0 _ 0 _
cosh 0 1
Since the domains of sinh x and cosh x are both (—w, ) (see [0][b]),
and the denominator cosh x can never be 0 (see [0][c]),
tanh x has domain (—oo, o).
tanhx = sinh X = 0 = sinhx = 0 = x = 0 (see[0][c])
cosh x
. e’ —¢f 1-1 0
i tanh0 = = = — =0
1] e’ +¢e° 1+1 2
Since e* and e™™ are defined for all real x,
and e* >0 and e™* >0 for all real x,
therefore, the denominator e* +e™ >0 for all real x,
so, tanh x is defined for all real x, and has domain (—oo, ).
tanhx = ex—e_x = 0 = e -e* = 0 = x = 0 (see[0][c])
e’ +e
X _ a=(=x) -X _ X _(aX _ X X _ a—X
€] [ tahx) = St = S0 T e L S0 tannx
e +e e +e e*+e* et +e*
Similarly, tan(-x) = -—tanx
] tanh(-x) = sinh(—x) _ —sinh x _ sinh x _ _tanhx
cosh(—x) cosh x cosh x
. 2 2 3 18 9
I sech(2In3) = = > — = - = —= = —
U (2In3) g2y o en¥ 4 g3 F+3% 3 82 41

cosh? x + sinh? x

[b] [[]  cosh2x

Similarly, cos2x

2c0s% X —

1

cosh? x + cosh? x —1

2cosh? x —1



cosh? x —sinh? x 1

c [ = = coth®x-1 = c¢sch’x
el sinh? x sinh? x
In contrast, cot? x+1 = csc®x
There is a switch in addition versus subtraction here comparing trigonometric versus hyperbolic|
[dl  cosh®’x = 1+sinh®’x = 1+ 22 = coshx = iﬁ
4 4 2
: 5
Since coshx >0 forall real x (see [0][d]), coshx = -
1
@y - SX 2 1 _ 45
cosh X 5 \J5 5
2

[b] x>0 = y=sinhx>0 = partof graph of y=sinhx isin quadrant 1

sinh x

>0 = partofgraph of y=tanhx isin quadrant 1
cosh x

[c] x>0 = sinhx>0,coshx>0 = tanhx=

[d] cosh(—x) =coshx = y=-coshx isevenand symmetric over the y —axis

[e] As X — o0, Yy =sinhx — o so the graph of y =sinh x goes right and upward in quadrant 1

X ex+iX z+1
=1 = 29 -1 = 22=1 = 7?°41=27 = 7°-27+1=0

= (z-1)’=0 = z=1 = x=Inz=0

X

€ +€

coshx=1

[b] The inverse of a function is the result of
swapping the inputs ( x —values) of the function with its outputs ( y —values).

[c] The graph of the inverse of a one-to-one function is
the reflection of the graph of the function over the line y = x.
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[d] [I] f(g(x)) ~ eIn(><+\/m) _e—ln(x+M) ~ X+\/m ~ (X+ /XZ +1)2 -1
2 2 2(x+/x2 +1)
X2+ 22XV X2 +1+ x> +1-1 27 +2xx*+1 2x(x++/x? +1)

2(X+/x% +1) - 2(X+v/ x> +1) 2(X+/x* +1)

[iil  g(f(x)) = In(sinhx++/sinh?x+1) = In(sinhx++/cosh?x) = In(sinhx+coshx)

= Ine* = X
y_ 1 1
. R eY_e—y (S] _ei)/ Z_E i
[iii]  x=sinhy = x= 5 = X= 5 = X= > — Ixz=7%-1
— (-2X) £ 4/(-2%)% — () (-1 4%
10 o g o —E20EE207-40ED |, 2x4d 44
2(1) 2
+ [v2
Szzw:z:xixz+l

Since x?+1>x*>>0,

if x>0,then 0<x<4/x*+1,50 Xx—4/x*+1<0

whereas x++/x*+1>0),
and if x<0,then 0<|x|=-x<+/x*+1,50 Xx—vVX*+1<0-yx*+1<0

whereas X ++/x? +1>x+(-x) =0.

Since z=€">0, z=x+VXx*+1 = y=Inz=In(x+vx*+1)



